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WHEN DO LINKS ADMIT HOMEOMORPHIC C-COMPLEXES?
GRANT ROTH AND CHRISTOPHER WILLIAM DAVIS
Abstract. Any two knots admit orientation preserving homeomorphic Seifert surfaces, as can be
seen by stabilizing. There is a generalization of a Seifert surface to the setting of links called a
C-complex. In this paper, we ask when two links will admit orientation preserving homeomorphic
C-complexes. In the case of 2-component links, we find that the pairwise linking number provides
a complete obstruction. In the case of links with 3 or more components and zero pairwise linking
number, Milnor’s triple linking number provides a complete obstruction.
1. Introduction
In the 1930’s, Seifert [14] introduced the study of a knot K via a compact connected oriented
surface now called a Seifert surface bounded by K. While any knot admits many different
Seifert surfaces, the study of any Seifert surface for a fixed knot results in interesting invariants.
For example, Seifert surfaces are used to compute The Alexander module [1], the Levine-Tristram
signature function [8], and the Conway polynomial [6]. See also [12, 14, 15].
In [5], Cooper defines a generalization of a Seifert surface called a C-complex (or clasp-complex).
Informally, a C-complex is a collection of embedded surfaces in S3 which might intersect each other
in clasps. An example is depicted in Figure 1. Similar to a Seifert surface, these objects are not
themselves invariants of links, yet out of them many important invariants of links can be understood.
See for example, [2, 3, 5]. A formal definition is given in Section 2.
Notice that for any knots K1 and K2, if K1 bounds a genus g1 Seifert surface F1, K2 bounds
a genus g2 Seifert surface F2, and g1 < g2 then by stabilizing F1 as in Figure 2 enough times we
create a new Seifert surface F ′1 for K such that g(F ′1) = g(F2). Since the genus and the number of
boundary components give a complete set of invariants of compact oriented connected surfaces we
conclude that K1 and K2 bound homeomorphic Seifert surfaces.
The goal of this paper is to ask when the same is true of C-complexes. Given two n-component
links L and J , when do there exist C-complexes F and G for these links which are related by an
orientation preserving homeomorphism? To what extent is the homeomorphism type of a C-complex
an invariant of the link? We will call two C-complexes F = F1 ∪ · · · ∪ Fn and G = G1 ∪ · · · ∪ Gn
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Figure 1. An example of a C-complex consisting of two embedded disks which
intersect each other in four clasps.
 
Figure 2. Stabilizing to increase the genus of a surface.
1
ar
X
iv
:1
60
4.
05
36
1v
3 
 [m
ath
.G
T]
  1
2 O
ct 
20
16
2 GRANT ROTH AND CHRISTOPHER WILLIAM DAVIS
equivalent if there is a homeomorphism Φ : F → G which restricts to orientation preserving
homeomorphisms from the components of F to the components of G and preserves the signs of the
clasps. See Definition 5 in Section 2 for more detail.
Since the pairwise linking numbers of a link can be computed by counting clasps in a C-complex
with sign, it is clear that the pairwise linking number is an obstruction to two links admitting
equivalent C-complexes. In the case of 2-component links linking number is the only obstruction.
Theorem 1. Let L = L1 ∪L2 and J = J1 ∪ J2 be 2-component links. Then lk(L1, L2) = lk(J1, J2)
if and only if L and J admit equivalent C-complexes.
In [11], Milnor produced a family of higher order linking numbers. For an n-component link
L, we will be most interested in the triple linking number µijk(L) ∈ Z (with 1 ≤ i < j < k ≤ n).
In [10], Mellor and Melvin give a means of computing Milnor’s triple linking number from a C-
complex. We recall this result in Section 3.1. Their formulation depends only on the equivalence
class of a C-complex for the link. Hence we see that triple linking number gives an obstruction to
links admitting equivalent C-complexes. Indeed, in the case of links with vanishing pairwise linking
numbers, the triple linking numbers form a complete obstruction.
Theorem 2. Let L and J be n-component links with vanishing pairwise linking numbers. Then
the following are equivalent
(1) For all 1 ≤ i < j < k ≤ n, µijk(L) = µijk(J)
(2) L and J admit equivalent C-complexes
(3) There exist unknotted curves γ1, . . . , γk disjoint from L such that lk(Li, γj) = 0 for all i, j
and J is obtained from L by some surgery on γ1, . . . , γk.
The implication (2) =⇒ (1) follows immediately from the formulation of µijk(L) in [10]. We
recall this formulation in subsection 3.1. The implication (1) =⇒ (3) relies on a necessary and
sufficient condition due to Martin [9, Theorem 1] for two links to be related by a sequence of band
pass moves. See Figure 9.
For links with nonvanishing pairwise linking number, µijk is only well defined modulo the greatest
common divisor of lk(Li, Lj), lk(Li, Lk) and lk(Lj , Lk). On our way to proving Theorem 2 above
we gain the following result.
Proposition 3. Let L and J be n-component links. If L and J admit equivalent C-complexes,
then for all 1 ≤ i < j < k, µijk(L) = µijk(J) (modulo the greatest common divisor of lk(Li, Lj),
lk(Li, Lk) and lk(Lj , Lk)).
Note that our results fail to address the question posed in the title of this document in the case of
links with more than two components and non-vanishing pairwise linking numbers. The complete
solution will require an answer to the following question.
Question 1. Let L and J be n-component links. Suppose that lk(Li, Lj) = lk(Ji, Jj) for all i, j but
that lk(Li, Lj) 6= 0 for some i, j. Suppose also that µijk(L) = µi,j,k(L) modulo the greatest common
divisor of lk(Li, Lj), lk(Li, Lk) and lk(Lj , Lk). Does it follow that L and J admit equivalent C-
complexes?
The genus of a knot K is defined to be the minimum genus of all Seifert surfaces for K. Similarly,
for a link L one can define β(L) to be the minimum first Betti number of all C-complexes for L.
The following question asks how this measure of complexity behaves for equivalent C-complexes.
Question 2. Suppose that L and J are n-component links which admit equivalent C-complexes.
Let β(L, J) the the minimum first betti number of all C-complexes for L which are equivalent to
some C-complex for J . Do there exist links L and J for which β(L, J) > max(β(L), β(J))?
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Figure 3. Left: A positive clasp. Right: A negative clasp.
L3
L1
L2
c−13 c
+1
4 c−11
c+12
Figure 4. A C-complex for the Boromean Rings with the components and clasps labeled.
1.1. Organization of paper. In Section 2 we state formally the definition of a C-complex and
what it means for two C-complexes to be equivalent. We then study the relationship between
linking numbers and C-complexes. In subsection 2.1 we prove Theorem 1. In Section 3 we recall
the meaning of Milnor’s triple linking number and briefly recall surgery. Finally, in Section 4 we
prove Theorem 2.
2. C-complexes and linking numbers
We begin by recalling the definition of a C-complex appearing in [3].
Definition 4. An n-component C-complex F = F1 ∪ · · · ∪ Fn is a union of compact oriented
connected oriented surfaces in S3 such that
(1) For all i, ∂Fi is a simple closed curve.
(2) For i 6= j, Fi ∩ Fj is a union of embedded arcs running from a point on ∂Fi to a point on
∂Fj. These arcs are called clasps. See Figure 3.
(3) For 1 ≤ i < j < k ≤ n, Fi ∩ Fj ∩ Fk = ∅.
Given an oriented link L = L1 ∪ · · · ∪ Ln, we say that F = F1 ∪ · · · ∪ Fn is a C-complex for L if
∂Fi = Li for i = 1, . . . n. In [2, Lemma 1], Cimasoni proves that every link admits a C-complex.
Definition 5. Two C-complexes F = F1∪· · ·∪Fn and G = G1∪· · ·∪Gn in S3 are called equivalent
if there exists a homeomorphism Φ : F → G such that
(1) For k = 1, . . . , n, the restriction Φ|Fk is an orientation preserving homeomorphism from Fk
to Gk
(2) For every clasp c ⊆ Fa ∩ Fb, Φ(c) ⊆ Ga ∩Gb is a clasp with the same sign as c.
The homeomorphism Φ is called an equivalence between F and G.
Remark 6. If N(Fi) and N(Gi) are regular neighborhoods of Fi and Gi, then the condition that
the signs of the clasps agree implies that Φ extends to an orientation preserving homeomorphism
from N(F1) ∪ · · · ∪N(Fn) to N(G1) ∪ · · · ∪N(Gn).
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We proceed by discussing the classification of C-complexes up to this notion of equivalence. For
a C-complex F = F1 ∪ · · · ∪ Fn bounded by L1, . . . , Ln let g(Fk) be the genus of Fk, the k’th
component of F . Since the genus of a surface is an invariant of that surface, g(Fk) is an invariant
of the equivalence class of F .
Another invariant can be seen by recording the clasps of F . For a C-complex F , let {c1, . . . ck}
refer to the set of clasps. Any clasp ci ⊆ Fa ∩Fb is assigned a sign i = sign(ci) = ±1 depending on
the intersection between La and Fb at ci. See Figure 3. In order to encode the sign of the clasps in
the notation, we will say cii in place of ci. For example, consider the C-complex for the Boromean
rings of Figure 4. It has clasp set {c−11 , c+12 , c−13 , c+14 }.
After picking a basepoint pk ∈ ∂Fk away from the clasps one can build a word ωk(F ) in the letters
{c11 , . . . , c`` } by following the boundary Lk of Fk and recording cii whenever Lk passes through the
clasp cii . We call these claspwords. Notice that each clasp c
i
i ∈ CF appears in precisely two of
these claspwords in which it appears once. A change of basepoint alters ωk by a cyclic permutation.
Notice that since the assignment of labels to the clasps was arbitrary, we can change {ωk(F )}nk=1
by any permutation of the names of the clasps.
For example, consider again the C-complex for the Boromean rings in Figure 4. It has
ω1(F ) = c
−1
1 c
−1
3 c
+1
2 c
+1
4 , ω2(F ) = c
−1
1 c
+1
2 , ω2(F ) = c
−1
3 c
+1
4 , g(F1) = g(F2) = g(F3) = 0.
These invariants give a complete description of the equivalence of C-complexes.
Proposition 7. Let F = F1 ∪ · · · ∪Fn and G = G1 ∪ · · · ∪Gn be n-component C-complexes. Then
F is equivalent to G if and only if for all k, g(Fk) = g(Gk) and ωk(F ) = ωk(G) (up to a cyclic
permutation and relabeling the clasps.)
Proof. If Φ : F → G is an equivalence, then Φ|Fk is an orientation preserving homeomorphism.
Since genus is an invariant of surfaces, g(Fk) = g(Gk). Suppose that ωk(F ) = c
a1
a1 . . . c
ak
ak . Since
Φ restricts to a homeomorphism from ∂Fk to ∂Gk and preserves the signs of the clasps, ωk(F ) =
Φ(ca1)
a1 . . .Φ(cak)
ak . Thus, up to a relabeling of the clasps, ωk(F ) = ωk(G).
Now suppose that for some labeling of the clasps, some choice of basepoints and all k, ωk(F ) =
ωk(G) and g(Fk) = g(Gk). Let Ak(F ) be a closed annular neighborhood of ∂Fk containing all of the
clasps in Fk and F
0
k ⊆ Fk be the closure of the complement of Ak(F ) ⊆ Fk. Since ωk(F ) = ωk(G),
there is a homeomorphism ΦAk : Ak(F ) → Ak(G) preserving the clasps. Since F 0k and G0k are
surfaces with the same genus and one boundary component each, the restriction (ΦAk )|∂F 0k extends
to a homeomorphism F 0k → G0k. Thus, we have a homeomorphism Φk : Fk → Gk.
The map Φ given by Φ(x) = Φk(x) for x ∈ Fk gives an equivalence between F and G. 
If L = L1∪· · ·∪Ln is an n-component link with C-complex F1∪· · ·∪Fn, then it is clear that g(Fk)
and ωk(F ) are definitely not invariants of L. For instance, the move of Figure 5 merely isotopes
the underlying link, yet alters both the claspword and the genus. In order to build an obstruction
theory to a pair of links admitting equivalent C-complexes, we find quantities depending on the
claspwords and genera of a C-complex which are invariants of the link. One such quantity is the
linking number lk(Li, Lj). Recall that lk(Li, Lj) can be computed in terms of bounded surfaces.
See for example, [13, Chapter 5, Section D]. In particular, if Fj is a surface bounded by Lj then
lk(Li, Lj) is given by counting the number of positive intersections between Li and Fj and then
subtracting the number of negative intersections. This is the same as counting the number of
positive clasps in Fi ∩Fj and then subtracting the number of negative clasps. This clearly depends
only on the claspword ωi(F ).
2.1. The proof of Theorem 1. In this subsection, we prove that if a pair of 2-component links
have the same linking number, then these links admit equivalent C-complexes.
Theorem 1. Let L = L1 ∪L2 and J = J1 ∪ J2 be 2-component links. Then lk(L1, L2) = lk(J1, J2)
if and only if L and J admit equivalent C-complexes.
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Figure 5. By isotoping L = L1 ∪ L2, we modify ω1 by the transposition of two
consecutive clasps. Notice that this increases the genus of F2 by 1.
Proof. That the linking number provides an obstruction is trivial, as the linking number can be
computed in terms of the number of positive and negative clasps. It suffices then to suppose that
lk(L1, L2) = lk(J1, J2) and construct equivalent C-complexes for L and J . Consider any two C-
complexes F = F1 ∪ F2 and G = G1 ∪ G2 for L and J respectively. We begin by modifying these
C-complexes so that their claspwords become very simple.
Suppose that F has m positive and n negative clasps. Then F has a total of k = m+ n clasps.
Since each of these clasps must then be between F1 and F2, every clasp appears once in ω1(F ) and
once in ω2(F ). By labeling the clasps according to the order they appear in L1 we arrange that
ω1(F ) = c
1
1 . . . c
k
k and ω2(F ) = c
σ(1)
σ(1) . . . c
σ(k)
σ(k)
for some permutation σ.
Consider the move of Figure 5. It transposes two adjacent clasps in ω1(F ) and does not change
ω2(F ). Therefore, ω1(F ) can modified to read c
ρ(1)
ρ(1) . . . c
ρ(k)
ρ(k) for any permutation, ρ. Pick ρ such
that ρ(1) = · · · = ρ(m) = +1 and ρ(m+1) = · · · = ρ(k) = −1. By relabeling the clasps we now
have that
ω1(F ) = c
+1
1 . . . c
+1
m c
−1
m+1 . . . c
−1
k .
We can now similarly permute ω2(F ) without altering ω1(F ) until
ω2(F ) = c
+1
1 . . . c
+1
m c
−1
m+1 . . . c
−1
k .
Similarly we arrange that
ω1(G) = ω2(G) = c
+1
1 . . . c
+1
m′ c
−1
m′+1 . . . c
−1
k′
for some m′, k′ ∈ N
By modifying F or G as in Figure 6, we increase the number of positive and negative clasps until
m = m′. Since L and J have identical linking numbers, it must then follow that F and G have the
same number of negative clasps also. Thus, we have that k = k′. Notice then that ω1(F ) = ω1(G)
and ω2(F ) = ω2(G). Finally, using the modification in Figure 2 we may assume that g(F1) = g(G1)
and g(F2) = g(G2). Proposition 7 now allows us to conclude that F and G are equivalent.

3. Preliminaries to the proof of Theorem 2
In this section we recall the concepts needed for our study of C-complexes for links with more
than two components. More precisely, we recall a reformulation of Milnor’s triple linking number
due to Mellor and Melvin [10]. We go on to informally discuss the notion of surgery. Since our
proof also makes use of the Arf invariant of knots and the Sato-Levine invariant of 2-component
links we recall these also in this section.
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Figure 6. Addition of a pair of canceling clasps.
3.1. Milnor’s triple linking number. Let J = J1 ∪ J2 ∪ J3 be a 3 component link admitting
a C-complex F = F1 ∪ F2 ∪ F3 with claspwords ω1(F ), ω2(F ), ω3(F ). Out of these claspwords
we generate new words u1(F ), u2(F ), and u3(F ) in the variables x
±1
1 , x
±1
2 , x
±1
3 as follows. If c
`
` is
a clasp between Fi and Fj then in ωi(F ), replace c
`
` with x
`
j and in ωj(F ) replace c
`
` with x
`
i .
The words u1(F ), u2(F ), and u3(F ) are obtained from ω1(F ), ω2(F ), and ω3(F ) by making this
replacement for every clasp.
Finally, consider u1(F ), u2(F ), and u3(F ) and take their Magnus expansions. That is, construct
the formal power series in non-commuting variables M1(F ),M2(F ),M3(F ) ∈ Z[[h1, h2, h3]] by send-
ing xi 7→ (1 + hi) and x−1i 7→ (1 − hi + h2i − h3i . . . ). For {i, j, k} = {1, 2, 3}, define ijk(F ) ∈ Z as
the coefficient in front of hihj in Mk(F ).
Definition 8 (See Theorem 1 of [10]). For the 3-component link J = J1 ∪ J2 ∪ J3 admitting
C-complex F = F1 ∪ F2 ∪ F3, Milnor’s triple linking number is given by
µ123(J) = 123(F ) + 312(F ) + 231(F ).
It is well defined as an invariant of L modulo the greatest common divisor of lk(J1, J2), lk(J1, J3),
and lk(J2, J3). For an n-component link L = L1 ∪ L2 · · · ∪ Ln and any three distinct numbers
i, j, k ∈ {1, . . . , n} consider the 3-component sub-link Li ∪ Lj ∪ Lk. Define
µijk(L) = µ123(Li ∪ Lj ∪ Lk).
The triple linking number satisfies that µijk(L) = µjki(L) = µkij(L) = −µikj(L) = −µkji(L) =
−µjik(L), so that for our purposes it will suffice to restrict to 1 ≤ i < j < k ≤ n.
Notice that Definition 8 depends only on the claspwords, ω1(F ), ω2(F ) and ω3(F ). In turn, these
depend only on the equivalence class of the C-complex, F . As a consequence we see the the triple
linking number provides an obstruction to 3-component links admitting equivalent C-complexes.
Proposition 3. Let L and J be n-component links. If L and J admit equivalent C-complexes,
then for all 1 ≤ i < j < k, µijk(L) = µijk(J) (modulo the greatest common divisor of lk(Li, Lj),
lk(Li, Lk) and lk(Lj , Lk)).
Example 9. For the sake of illustration, we perform this computation for the C-complex F for B,
the Boromean rings depicted in Figure 4. It has clasp-words
ω1(F ) = c
−1
1 c
−1
3 c
+1
2 c
+1
4 , ω2(F ) = c
−1
1 c
+1
2 , ω3(F ) = c
−1
3 c
+1
4 .
Performing the replacement described in Definition 8 we get
u1(F ) = x
−1
2 x
−1
3 x
+1
2 x
+1
3 , u2(F ) = x
−1
1 x
+1
1 = 1, u3(F ) = x
−1
1 x
+1
1 = 1
and Magnus expansions
M1(F ) = (1− h2 + . . . )(1− h3 + . . . )(1 + h2)(1 + h3),
M2(F ) = 1, M3(F ) = 1.
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Figure 7. Left: The trefoil knot. Right: Performing -1 surgery on these curves in
the complement of an unknot produces the trefoil.
. . .
n-full twists −1/n
Figure 8. Left: The n-twisted Whitehead link. Right: −1n surgery along this curve
sends the unlink to the n-twisted Whitehead link.
Expanding,
M1(F ) = 1− h22 − h23 − h3h2 + h2h3 + . . . , M2(F ) = 1, M3(F ) = 1.
The ellipses denote terms of degree at least 3. Hence,
123 = 0, 312 = 0, 231 = 1
and µ123(B) = 1.
Since the three component unlink has µ123(U) = 0 we have the following corollary
Corollary 10. There does not exist a C-complex for the Boromean Rings which is equivalent to a
C-complex for the three component unlink.
3.2. Surgery. Given a link γ = γ1, . . . , γk and a sequence of rational numbers in reduced form
p1
q1
, . . . , pkqk one can form a new 3-dimensional manifold by cutting out tubular neighborhoods of
the curves γ1, . . . , γk and gluing in their place solid tori V1, . . . , Vk such that for i = 1, . . . , k the
meridian of Vi is identified to the curve consisting of pi meridians of γi and qi longitudes. For a
more complete description of surgery the reader is directed to [13, Chapter 9].
Given a link L disjoint from the surgery curves γ of the preceding paragraph then one sees a
new link by taking the image of L in the space resulting from the surgery. If the resulting link is
isotopic to J , then we say that J is obtained from L by surgery along γ.
Many interesting surgeries on S3 produce S3. There are two of particular interest to us in this
paper. First, if γ is unknotted then −1n surgery along γ produces S
3 and puts n positive full twists
in the strands of L passing through a disk bounded by γ [13, Chapter 9]. For example, the trefoil
of Figure 7 is obtained from the unknot by −1 = −11 surgery along two curves in the complement.
Similarly, the n-twisted Whitehead link of Figure 8 is obtained from the unlink by a −1n surgery.
The other move of interest to us is the band pass move of Figure 9, which can be obtained by 0 = 01
surgery along two Hopf linked curves. While this result is well known the proof in its full detail
can be found in the proof of [9, Lemma 1].
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0
0
Figure 9. Left: A Hopf link in the complement of a link. Right: Performing
0-surgery along the components of this Hopf link accomplishes a band pass.
. . .
n full twists
Figure 10. Left: A C-complex for the 2-component unlink. Right: An equivalent
C-complex for the n-twisted Whitehead link.
3.3. The Arf invariant and the Sato-Levine invariant. The Arf invariant is an invariant of
knots which takes values in Z/2. For a complete discussion of the Arf invariant, see [7, Chapter
X]. To see a rigorous discussion on the Sato-Levine invariant for a 2-component link in terms of
Milnor’s invariant the reader is directed to [4]. Our work will require the following elementary
properties of these invariants.
Proposition 11. For any knot J , let the knot J ′ be obtained by band summing with the Trefoil.
Then the Arf-invariant satisfies that Arf(J ′) = Arf(J) + 1.
Proposition 12. Let WHn be the n-twisted Whitehead link of of Figure 8 and let L = L1∪L2 be a
2-component link with vanishing pairwise linking number. Let L′ be the 2-component link obtained
by band summing with WHn. Then the Sato-Levine invariant satisfies that µ1122(L
′) = µ1122(L)+n.
For an n-component link L = L1 ∪ · · · ∪Ln, µiijj(L) = µ1122(Li, Lj) is the Sato-Levine invariant
of the 2-component sublink Li, Lj .
According to [9, Theorem 1], the Arf-invaraint, the Sato-Levine invariant and the triple linking
number are a complete set of obstructions to a pair of links being related by a sequence of band
pass moves, as in Figure 9.
4. The proof of Theorem 2.
We close this paper with the proof of Theorem 2.
Theorem 2. Let L and J be n-component links with vanishing pairwise linking numbers. Then
the following are equivalent
(1) For all 1 ≤ i < j < k ≤ n, µijk(L) = µijk(J).
(2) L and J admit equivalent C-complexes.
(3) There exist curves γ1, . . . , γk disjoint from L such that lk(Li, γj) = 0 for all i, j and such
that J is obtained from L after performing some surgery on γ1, . . . , γk.
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Proof. The claim that (2) implies (1) is the content of Proposition 3. We begin by showing that (3)
implies (2). Let L = L1, . . . , Ln and J = J1, . . . , Jn be n-component links. Suppose that there exist
curves γ = γ1, . . . , γk in the complement of L, for which lk(Li, γj) = 0 and a sequence of rational
numbers p1/q1, . . . pk/qk such that J is obtained by modifying L by pj/qj surgery along γj for all
1 ≤ j ≤ k.
Let F be a C-complex for L. Consider any component Fi of F and γj of γ. Since lk(Li, γj) = 0 by
assumption, either γj is disjoint from Fi or there exists some pair of intersection points p, q ∈ Fi∩γj
with opposite sign such that the arc α ⊆ γj running from p to q is disjoint from Fi. We proceed to
modify Fi using a tube following α from p to q. See Figure 11. This modification may introduce
some simple closed curves in the intersection Fi ∩ F` for some ` 6= i. The resulting collection of
surfaces is no longer a C-complex. By pushing Fi and F` along some arcs as in Figure 12, we replace
each intersection circle with a pair of clasps. In doing so we merely isotope Li and L`.
By assumption, the link J is obtained by starting with L, removing neighborhoods of γ1, . . . , γk
from S3, and gluing back in solid tori V1, . . . , Vk such so that the curve given by pi longitudes of γi
and qi meridians bounds the meridional disk for Vi. Since F is disjoint from γ, this cut and paste
process preserves the equivalence class of F . We have produced a C-complex for J equivalent to a
C-complex for L, as required by the theorem.
It remains to prove that (1) implies (3). Suppose that for all 1 ≤ i < j < k ≤ n, µijk(L) =
µijk(J). For i = 1, . . . , n if Arf(Li) 6= Arf(Ji) then modify Li by band summing with the trefoil
knot. Call the resulting link L0. By Proposition 11, Arf(L0i ) = Arf(Li)+1 = Arf(Ji), since the Arf
invariant takes values in Z/2. Notice that as in Figure 7 each band sum with the trefoil may be
obtained by first band summing with the unknot (which does not change the link type of L) and
then performing −1 surgery along two curves each of which have zero linking number with every
component of L.
γj
Fi
F`
(a)
γj
Fi
F`
(b)
Figure 11. (a) γj intersects of Fi in two points with opposite sign. (b) Stabilizing
Fi removes these intersections, but adds a simple closed curve in Fi ∩ F`.
Fi
Fj
(a)
Fi
Fj
(b)
Fi
Fj
(c)
Figure 12. (a) A double loop. The darker red here indicates the opposite side of
Fj (b) A “finger move” replaces this loop with an arc with both endpoints on Lj .
(c) Another “finger move” reduces the arc to two clasps.
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Next, for all 1 ≤ i ≤ j ≤ n, if µiijj(L0) 6= µiijj(J) then we band sum the components L0i and L0j
of L0 with the mij twisted Whitehead link where mij = µiijj(J)−µiijj(L0). Call the resulting link
L1. By Proposition 12, µiijj(L
1) = µiijj(L
0) +mij = µiijj(J). This band sum can be obtained by
first band summing with the 2-component unlink (which does not change the link type of L0) and
then performing −1mij surgery along a single curve as in Figure 8 which has zero linking numbers
with all components of L0.
By design, we now have that for all i, j, k, µijk(L
1) = µijk(L) = µijk(J), Arf(L
1
i ) = Arf(Ji) and
µiijj(L
1) = µiijj(J). According to [9, Theorem 1], L
1 and J are be related by a sequence of band
pass moves, depicted in Figure 9. Thus, there exist a collection of curves each of which has zero
linking number with every component of L1 such that J is the result of modifying L1 via 0-surgery
along these curves.
Let γ be the collection of all of the curves of the preceding three paragraphs. We see that J can
be obtained by modifying L by surgery along these curves each of which has zero linking number
with every component of L. This completes the proof. 
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